It is shown that if we restrict the identity minus Hardy operator on the cone of nonnegative decreasing functions f in L p , then we have the sharp estimate It is also shown, via a connection between the operator I − H and Laguerre functions, that
Introduction
The importance of the Hardy operator (Hf)(x) = 1 x
x 0 f (t)dt in analysis and its applications is well known. In this paper we consider the related operator
which also seems to be quite interesting. For example, in [1] it was shown that this operator is bounded and has a bounded inverse in L p (t α , dt t ) for p ≥ 1 and α ∈ (−1, ∞) 0. Moreover, in [2] (see also [3] for the weighted case) it was shown that if we take e 0 = χ (0,1) , the characteristic function of the unit interval, then the sequence (1.1) e n = (I − H) n e 0 , n ∈ Z forms an orthonormal basis in L 2 = L 2 (0, ∞). Therefore (I − H)e n = e n+1 , and we see that I − H and its inverse (I − H) −1 are shift isometries in L 2 . In particular, we have
for all f ∈ L 2 (0, ∞). With this interesting property in mind it is natural to consider estimates for the operator I − H for the case p = 2. This paper consists of two parts. In the first part we will show that if we consider the bijective isometry (Uf)(x) = e x 2 f (e x ) between the spaces L 2 (0, ∞) and L 2 (R), then the operator U (I − H)U −1 coincides with the shift operator in the orthonormal basis in L 2 (R) which consists of the Laguerre functions l n (x) and the functions u −n (x) = l n (−x). This gives a new simple proof of (1.1) and also shows that
i.e., the unit sphere of the space of all bounded linear operators on L 2 contains an interval with the endpoints I, H − I and the midpoint 1 2 H. The second part of the paper is devoted to the study of estimates for H − I and its inverse (H − I) −1 on certain cones of functions in L p = L p (0, ∞). To formulate the result let us consider the cone C p of decreasing nonnegative functions from L p and introduce the notation
We prove that
We give an example which shows that this estimate is not true if instead of C p we consider the whole space L p . Our proof does not work for other values of p and we do not know if (1.3) is true for all p ≥ 2.
For each f in the cone of decreasing functions we have
for almost every x. So we see that (1.3) gives a sharp estimate in the following well-known equivalence in Lorentz L p,q -spaces (see [4] ):
In fact the functional f * * − f * is of considerable interest in a number of contexts. One notable instance is the paper [5] (see also [4] ), and there are numerous more recent papers which also deal with it.
The identity minus Hardy operator and Laguerre polynomials
It is well known that the Laguerre polynomials L n (x), n = 0, 1, ... (see [6] ) have the following properties:
and, therefore,
It also follows from (2.1), using integration by parts, that
It is well known that the Laguerre functions
form an orthonormal basis in L 2 (0, ∞). Therefore the family of functions
Then, by applying (2.2) for n ≥ 0 and by applying (2.3) for n ≤ −1, we see that the operator
where * means convolution, has the property
So S is a shift isometry in L 2 (R). Let f ∈ L 2 (0, ∞) and consider the operator
As
is a bijective isometry between the spaces L 2 (0, ∞) and L 2 (R) we immediately obtain from the last equality that the sequence e n = −U −1 g n (n ∈ Z)
forms an orthonormal basis in L 2 (0, ∞) and (I − H)e n = e n+1 (n ∈ Z).
Clearly U (χ (0,1) ) = −g 0 and so e 0 = χ (0,1) . Thus we have obtained a new proof of the result of [2] which was mentioned in the introduction. (Cf. (1.1) ).
i.e. the unit sphere of the space of all bounded linear operators on L 2 contains an interval with the endpoints I and H − I and the midpoint 1 2 H. Proof. So far I has denoted the identity operator on L 2 (0, ∞). Here it will also unambiguously denote the identity operator on 2 (Z).
Let V be the shift operator on 2 (Z). Then it is easy to check that
for each α ∈ [0, 1]. Now we let {ψ n } n∈Z be the canonical orthonormal basis of 2 , i.e., ψ n = {δ mn } m∈Z and use the fact that, obviously, {(−1) n e n } n∈Z is an orthonormal basis for L 2 (0, ∞). We define an isometry W of 2 (Z) onto L 2 (0, ∞) by setting W ψ n = (−1) n e n for each n ∈ Z. Since (H − I)(−1) n e n = (−1) n+1 e n+1 we see that H − I = W V W −1 . Thus (2.4) follows immediately from (2.5).
Remark 1. Using the same method of proof as in Corollary 1, we can also show that
for all α ∈ [0, 1].
Operator norms of H − I and (H − I) −1 on cones in L p (0, ∞)
We start with the case p = 3.
Proof. Let us consider the subset consisting of all simple functions in C 3 . Each simple function in C 3 can be written in the form
where χ (a,b) denotes the characteristic function of (a, b). This subset is dense in
holds for all simple functions g ∈ C 3 . Straightforward calculations give:
. . . c 1 a 1 +c 2 a 2 +...+c n a n x , a n < x.
Let us calculate the norm of g:
+ (c n−1 + c n ) 3 (a n−1 − a n−2 ) + c 3 n (a n − a n−1 ). (3.2) Similarly, for the norm of 3 √ 2(H − I)g :
) + ...
The two expressions (3.2) and (3.3) are both homogeneous polynomials of order 3 in the variables c 1 , c 2 , ...., c n . Thus, to compare the sizes of g 3 L 3 and
, we compare the coefficients of these two polynomials in Table 1 . Table 1 g 3
To obtain these coefficients we use the multinomial theorem and note that in the case of g 3 L 3 , when calculating the coefficient of c i c j c k , we only have to consider the contributions of the first m terms of (3.2), where m = min{i, j, k}.
Analogously, in the case of 3 √ 2(H − I)g 3 L 3 , for the coefficient of c i c j c k , we only have to consider the contribution of the mth term in (3.3) and those after it, where this time m = max{i, j, k}.
We observe that the coefficients for c 2 i c j and c i c j c k differ between g 3 L 3 and
because 0 < a i < a j and for c i c j c k the inequality a i a j a k < a i is true because 0 < a j < a k . Hence, all coefficients for g 3 L 3 are greater than or equal to those for 3 √ 2(H − I)g 3 L 3 . Altogether this gives the inequality
To finish the proof of the theorem we only need to note that we obtain equality in (3.4) when g(x) = χ (0,a) .
For a general integer p ≥ 2 the calculations become more involved, but in principle the same method as in Theorem 1 works.
Proof. As in Theorem 1 it suffices to consider simple functions in C p , which can be written in the form
Calculations using the multinomial theorem show that we have the formulas shown in Table 2 for the coefficient for a general term c j 1
where m is an integer with 1 ≤ m ≤ n and 1 ≤ i 1 < i 2 < ... < i m ≤ n, j 1 + j 2 + ... + j m = p, j 1 > 0 and j 2 , j 3 ,..., j m ≥ 0.
The fact that we have chosen m arbitrarily in the above calculations of the coefficients of the multiple powers c j 1 i 1 c j 2 i 2 ...c j m i m means that we have accounted for all possible terms in the polynomials g p L p and (p − 1) 1/p (H − I)g p L p . Since j 1 > 0, we see that
for all possible choices of i 1 , i 2 ,..., i m , j 1 , j 2 ,..., j m and m. This gives the inequality
The case of equality is obtained when g(x) = χ (0,a) .
The restriction to the functions in C p ⊂ L p (0, ∞) is essential for the estimate (H − I)f L p ≤ 1 (p − 1) 1/p f L p to be true. We illustrate this with the following example: 
